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Continuouscontrolof chaosby self-controllingfeedback
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Twomethodsof chaoscontrolwith asmalltimecontinuousperturbationareproposed.Thestabilizationof unstableperiodic
orbitsof achaoticsystemis achievedeitherby combinedfeedbackwith theuseofaspeciallydesignedexternaloscillator,orby
delayedself-controllingfeedbackwithout usingofanyexternalforce.Both methodsdo notrequireanapriori analyticalknow!-
edgeof the systemdynamicsandareapplicableto experiment.The delayedfeedbackcontroldoesnot requireanycomputer
analysesof thesystemandcanbeparticularlyconvenientfor an experimentalapplication.

1. Introduction An experimentalapplicationof the OGY method

requires,asarule,apermanentcomputeranalysisof

Dynamicchaosis avery interestingnonlinearef- the stateof the system.The changesof the param-
fect which hasbeenintensivelystudiedduring the eter, however,arediscretein time sincethe method
last two decades.The effect is very common;it has dealswith thePoincarémap.This leadsto sometim-
beendetectedin alargenumberof dynamicsystems itations.The methodcan stabilizeonly thosepen-
of variousphysicalnature.In practice,however,this odic orbits whose maximalLyapunov exponentis
effectis usuallyundesirable.It restrictstheoperating smallcomparedtothereciprocalof thetime interval
rangeof manyelectronicandmechanicdevices.o~, betweenparameterchanges.Sincethecorrectionsof
GrebogiandYorke [1] (OGY) havesuggestedan the parameterare rare and small, the fluctuation
efficientmethodof chaoscontrolthat caneliminate noiseleadsto occasionalburstsof the systeminto
chaos.Themethod is basedon the ideaof the sta- the region far from the desiredperiodic orbit, and
bilization of unstable periodic orbits (UPOS) theseburstsaremorefrequentfor largenoise [1].
embeddedwithin astrangeattractor.This is achieved Therefore, the idea of a time-continuouscontrol
by making a small time-dependentperturbationin seemsattractivein this context.
theform of feedbackto an accessiblesystemparam- Theresponseof chaoticsystemsto continuouspe-
eter.Themethodturnsthepresenceof chaosinto an nodic andaperiodicperturbationshavebeencon-
advantage.Due to the infinite numberof different sideredin many investigations [5—91to suppress
UPOsembeddedin astrangeattractor,achaoticsys- chaosin the system [5,6], to achievesomedesired
tern canbe tunedto a largenumberof distinct pe- behaviour[7], to synchronizesomesubsystemsin
riodic regimesby switchingthe temporalprogram- a complexchaoticsystem [8,9]. But noneof these
ming of smallparameterperturbationto stabilize investigationsconsideredthe perturbationin the
differentperiodicorbits.RecentlytheOGY method form of the feedback.Themethodsdevelopedcan-
hasbeensuccessfullyappliedto someexperimental not be appliedto the UPO stabilization.They can
systems[2—4]. eliminatethe chaos in the system,but the resulting

periodicorbits obtainedby the methodsdiffer from
Alexandervon HumboldtFellow, the UPOsof the initial systemand, therefore,they

2 Onleaveof absencefromInstituteof SemiconductorPhysics, requireacomparativelylargeperturbation.
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trol in the form of feedbackare suggested.Both consideredsystemwithout an input signal (F= 0)
methodsarebasedon the constructionof a special hasa strangeattractor.
form of a time-continuousperturbation,which does It hasbeendemonstratedusingastandardmethod
not changethe form of the desiredUPO,but under of delaycoordinatedthatalargenumberof distinct
certainconditionscanstabilizeit. A combinedfeed- UPOson a chaoticattractorcan be obtainedfrom
backwith aperiodic externalforce of a specialform onescalarsignal [10—12].Applying this methodto
is usedin the first method.Thesecondmethoddoes oursystem,wecan determinefrom the experimen-
not requireany externalforce; it is basedon a self- tally measuredoutput signal y(t) various periodic
controllingdelayedfeedback.Theblockdiagramsof signalsof different form y=y~(1), y1( t+ 7’1) = y~(1)
thesemethodsareshownin fig. 1. correspondingto differentUPOs.Here T1 is the pe-

riod ofthe ith UPO.Thenweexaminetheseperiodic
signalsand select the onewhich we intendto sta-

2. Externalforce control bilize. To achievethisgoal we haveto designaspe-
cial externaloscillator, which generatesthe signal

Let us considera dynamicsystemwhich can be proportionalto y~( t). The differenceD ( t) between
simulatedby ordinary differential equations.We the signaly.(t) andtheoutput signaly(t) is usedas
imaginethat the equationsareunknown,but some a control signal:
scalarvariablecan bemeasuredas asystemoutput. F(t)=K[y~(t)—y(t)]=KD(1). (2)We alsosupposethat the systemhasan input avail-
ablefor externalforce.Theseassumptionscanbemet HereK is anexperimentallyadjustableweightof the
by the following model, perturbation.The perturbationhasto beintroduced
d into thesysteminputasanegativefeedback(K> 0).

=P(y,x) +F(t), = Q(y,x). (1) An experimentalrealizationof suchafeedbackpre-
sentsno difficulties for manyphysicalsystems.The

Here y is the output variable andthe vectorx de- importantfeatureof perturbation(2) is thatit does
scribesthe remainingvariablesof the dynamicsys- not changethe solution of eq. (1) correspondingto
ternwhich arenot availableor not of interestforob- the UPOy(t)=y1(t). By selectingtheweight K, one
servation.It is assumedfor simplicity thatthe input canachievethestabilization.Whenthisstabilization
signal F(t) disturbsonly the first equation,corre- is achievedtheoutputsignalisvery closetoy.(t) and
spondingto theoutputvariable.We supposethatthe the perturbationF( I) becomesextremely small.

Thereforehere,aswell asin the OGY method,only
_____________ asmallexternalforceis usedto stabilizetheUPOs.

output CHAOTIC mput(a) We donot intendto prove thevalidityof thismethod
y(t)- SYSTEM for thegeneralcase,but wehaveverified it formany

chaoticsystemssuch as the Rossler [13], Lorenz
Ky(t) [14], RabinovichandFabrikant [15], Duffing os-

___ L1 K{y1(t)-y(t)} cillator [5,16] systemsandothers.
~ Ky~(t) T

Themain resultspresentedhereareillustratedfor
the Rosslersystem:

(b)
(t)~ output CHAOTIC nput dx dy

SYSTEM ~-=—y—z, -~-=x+0.2y+F(t),
K~(t) K(y(t4)-y(t)} 0.2+z(x5.7). (3)

Ky(t-r) dt

Fig. 1. Block diagramof (a) externalforce control,and(b) de- HereF( t) is theperturbationdefinedin eq. (2).For
layedfeedbackcontrol.0 isaspecialexternalperiodicoscillator, definitenessy is chosenasan outputsignal. The re-
D is adelayline. sults donot dependon thechoiceof outputvariable.
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Figure2ashowstheresultsof stabilizationofthepe- ~( t), E~~(t), ande~(t) to the right-handsides of
nod-fiveUPOof the Rosslerattractor.Theoriginof eq. (3).Therandomfunctions~, ~ and~ are in-
the curveF correspondsto the time when theper- dependentof eachother, havingmeanvalue0 and
turbationis switchedon. As it wasexpected,theper- mean-squaredvalue1. Figure3 showstheresultsof
turbationbecomessmallafteratransientprocessand the stabilizationof the period-onecycleof the Ros-
the system comesinto the periodic regime corre- slerattractorfor two differentlevelsof noise.Since
spondingto an initially unstableorbit. To illustrate the control is permanent,the systemdoes not ex-
thevalidity of the methodfor otherchaoticsystems perienceanyburstsinto theregionfar fromtheUPO
fig. 2b showsthe resultsof stabilizationof the pe- evenfor sufficientlylargenoise.The increasein noise
nod-twoUPO of the Lorenz system. leadsto the increaseof the amplitudeof perturba-

Theamplitudeof perturbationin apost-transient tion andto the smearing-outof the periodic orbit.
regimedependson two factors,on the accuracyof Note one differencebetweenthe OGY and the
theUPOy( t) reconstruction,andon thefluctuation abovemethod.Theperturbationin theOGYmethod
noise.In an ideal casethe perturbationhas to be is appliedonly whenthe stateof the systemis close
vanishinglysmall whenthe systemmovesalongits to the fixed point, since it usesa linear approxi-
periodicorbit, andthe stabilizationcanbe achieved mationfor thedeviationsfromthefixed point.Here
with a very smallsignalof theexternaloscillator.To we do not needto wait until the stateof the system
investigate the influence of noise, we add terms comescloseto the desiredperiodic orbit. The per-

turbationcan be switchedon at any moment.The
Rosslersystemsynchronizeswith the externaloscil-

10 (a) lator evenwhenthe initial conditionsare far from
5 theperiodic orbit. Thenthe initial perturbationcan

2 __

_____ ~> (a)
0 50 100 150 200 250 300 10

t 0

200 b)

~ ________

0 0 50 100 150 200 250 300

-100 _____

Fig. 2. Dynainicsoftheoutputsignaly(t) andperturbatsonF(t) V V~ V ~V~
(a)for theRosslersystem(eq. (3)),K=0.4, y,(t) corresponds -10
to theperiod-fivecycle, and(b) for theLorentzsystem:dx/dt 20

10(x—y), dy/dt=—xz+28x—y+F(t),dz/dt=xy—
5z,the o 50 iOO 150 200 250 300

perturbationF( t) is determinedby eq. (2),y1(t)correspondsto
the period-twocycle. The origin of curveF correspondsto the Fig. 3. Resultsof stabilization of the period-onecircle of the
momentofswitchingon theperturbation.Theimplementshows Rosslersystemattwodifferentlevelsofnoise.K=O.4; (a)�=0.1;
thex—yphaseportraitof thesystemin thepost-transientregime. (b) ~=0.5.
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be ratherlarge. However,wedo not expectthat this (4) to eliminatethemultistabilitywill beillustrated
will be the casefor all dynamicsystems.Morecorn- in section3.
plicatedperiodicallydriven dynamicsystemsalong To analyzethelocalstabilityof thesystemwehave
with the stabilizedUPO canhavealternativestable calculatedthe maximalLyapunovexponentof the
solutionsbelongingto differentbasinsof initial con- UPOsusingthelinearizationof system(3) with re-
ditions.Such multistabilitycanbe anundesiredfea- spect to small deviations from the corresponding
ture for the purposeconsideredhere. Largeinitial UPOs.Thedependenceof theleadingLyapunovcx-
valuesof the perturbationcanbealsoundesiredfor ponent2 ofthe period-oneandperiod-twoorbitson
someexperiments.In many casesboth theseprob- theparameterK is shownin fig. 5. Thenegativeval-
lemscanbesolvedby restrictionoftheperturbation. uesof 2(K) determinethe intervalof Kcorrespond-
Introducingsome nonlinearelementinto the feed- ing to the stabilizedUPO.The period-oneUPO is
backcircuit it is possibleto achievethe saturationof stablein the finite intervalK= [Kmm,Km~],but the
the perturbationF( t) for largevaluesof the devia- period-twoUPO hasaninfinite interval K= [Kmjn,
tion D( t): oo] of stabilization.Herethe valuesKmm andK~,

define the threshold of the stabilization:
F(t)= —F0, KD(t)~—F0, 2(K,~)=2(K,,,~)=0.TheLyapunovexponent2(K)

of bothorbitshaveminimaatsomevalueof K= K0
=KD(t) —F0<KD(t)<F0 . . . I’providing an optimal control.Notethat for all val-
= F0, KD( t) ~F0. (4) uesofK> 0 theperturbationdecreasestheLyapunov

exponentof the initial system,2(K) <1(0),but not
HereF0> 0 is the saturatingvalue of the perturba- for all valuesof K thisperturbationissufficiently ef-
tion. Although in proximity to the UPOboth per- ficient to invert the sign of 1. The presenceof the
turbations(2) and (4) work identically, they lead minimal thresholdof thestabilizationis well under-
to different transientprocesses.Figure4 illustrates stood. The weightK of the perturbationhas to be
theinfluenceof restriction(4) tothesystemdynam- sufficiently largeto compensatethe divergenceof the
ics. Theperturbationin thiscaseis alwayssmallin- trajectoriesclosetothe UPO.A ratherlargevalueof
cludingthetransientprocess.However,thetransient K deterioratesthe control.This is relatedto thefact
processon averageis nowmuch longer.The system that the perturbationdisturbsonly onevariableof
“waits” until the trajectorycomescloseto the pe- the system.For largeK the changesof this variable
nodicorbit andonly thensynchronizeswith anex- are very fast and the remainingvariableshaveno
ternal oscillator.As in the OGY method the mean time to follow these changes.To support this as-
durationof the transientprocessincreasesrapidly sumptionwehaveconsideredmultivariablecontrol.
with thedecreaseofF0.The efficiencyof restriction A perturbationin the form of eq. (2) with corre-

spondingvariableshavebeenaddedto eachequa-
tion of thesystem(3). As aresultthemonotonously

~ 0.0~ I R~ 0,5

—20 —1.Or I ,I~iI!.~ I .I~lII]
0 50 100 150 200 250 102 10 10’ 102

K

Fig. 4. Resultsof stabilization of the period-two circleof the Fig. 5. DependenceoftheLyapunovexponentsoftheperiod-one
Rosslersystem with the restrictedperturbation(4). K= 0.4, andperiod-twoUPOsof theRosslersystemon theweightK of
F0= 0.1. theperturbation.
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decreasingcharacteristics2(K) forboth orbits have ________
beenobtained. 2 ~ (a)

Theexperimentalapplicationof this methodcan 1

bedivided into two stages.In the first, preparatory, 0

stagetheoutputsignalshouldbeinvestigatedandthe
oscillatorgeneratingaperiodicalsignalproportional 10

to y( t) shouldbe designed.In the secondstagethe o
control is achievedsimplyby combiningthe scheme -10

shownin fig. 1 a.A combinedfeedbackusingthedif-
ferencebetweenan output signal andthe signal of 20o 50 100 150 200 250 300 350 ‘400 4~0

the externaloscillatorperformsherea self-control-
ling function. 1 ~ (b)

3. Delayedfeedbackcontrol -2

Thecomplexityof the experimentalrealizationof
theabovemethodismainly in thedesignofaspecial 0

periodic oscillator. The secondmethodwhich we
haveconsideredhasno suchshortcoming.The idea -5

0 20 40 60 80 100 120 140
of thismethod consistsin substitutingthe external
signal y.( t) in eq. (2) for the delayedoutputsignal
y( t — r). In otherwords,weuseaperturbationof the Fig. 6. Resultsof thestabilizationof (a) theperiod-threecycle
4. of theRosslersystem,K=0.2, r= 17.5, and(b) thepenod-oneform cycle of the nonautonomousDuffing oscillatoi-~dx/dt_—y,
F(t)=K[y(t—-r)—y(t)]=KD(t) . (5) dy/dt=x—x3—dy+fcos(00t)+F(t),f=2.5, 0=1, d=0.2,

K=0.4,r=2~t/w,in the caseofdelayedfeedbackcontrolwith the
Heret isadelaytime. If thistimecoincideswith the useofaperturbationin theformof eq.(5).
period of the ith UPO r= 1”,. thenthe perturbation
becomeszerofor the solutionof system (1) corre- delayr andthe weightKof the feedback,shouldbe
spondingto this UPOy(t) =y

1(t). This meansthat adjustedin experiment.Theamplitudeof the feed-
the perturbationin the form (5) aswell asin teform backsignalcanbe consideredasacriterionof UPO
(2) doesnot changethe solutionof system(1) cor- stabilization.Whenthesystemmovesalongits UPO
respondingto theith UPO.Choosinganappropriate this amplitudeis extremelysmall. Thedependence
weightK of the feedbackone can achievethe sta- of this amplitudeon the delaytime for the Rossler
bilization. Theresultsof suchastabilizationfor the systemis illustrated in fig. 7a. Excludingthe tran-
Rosslersystem and for the Duffing oscillator are sient process, the dispersionof the perturbation
shownin fig. 6. Theseresultsareverysimilar tothose <D

2 ( t)> hasbeencalculatedforeachvalueof rwith
in thecaseof anexternalforcecontrol.However,an 20 different initial conditions,andthe correspond-
experimentalrealizationis simpler in this case.No ing 20 valuesofthis dispersionfor eachr havebeen
externalperturbationor computeris neededfor this depicted. The resulting figure representsthe se-
control. This control is achievedby the use of the quenceof resonancecurveswith verydeepminima.
outputsignal, which is fed in a specialform into the Theseminimaarelocatedatthepointsofdelaytime
system input. The differencebetweenthe delayed coinciding with the periodsof the UPO r= T

1. The
output signal andthe output signal itself is usedas phaseportraits for thesevalues of delay time are
acontrolsignal.Thisfeedbackperformsthefunction shownin figs. 7b1, 7b4, 7b8.Theycorrespondto mi-
of self-control.Only a simple delayline is required tially unstableperiod-one,-twoand-threecycles.The
for thisfeedback.To achievethestabilizationof the resonancecurvesare separatedby additionalmm-
desiredUPO,two parameters,namely,the time of ima intervals,correspondingto the steady-stateso-
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1 2 3 ~ (b) Fig. 8. The sameasin thefig. 7a,but for the caseof restricted

o delayed perturbation. F0=0.l.

~ ~ ______ ______ ~~‘:~• (a)

Fig. 7. (a)Dependenceof thedispersionof perturbationon de- 102

laytimeand(b)thex—yphaseportraitsoftheRosslersystemin ---r~,~’~

the post-transientregime for somevalues of the delay time. 10

K=0.2. (b)

lution of the Rosslersystem,i.e. andunstablefixed ~ 10’

point. Therefore,the methodcanstabilizeunstable
fixed pointsas well as UPO. Whenthe delaytime i0~

differs considerablyfromtheperiodoftheUPO,the - --.....~: - - -- -- - _______

outputoscillationsofthesystemcanbechaotic(figs. 10 0.0 0.1 0.2 0:3 0.4 0.5 0.6 0.7 0.8 0.9 ‘1.0 1.1

7b3, 7b5—7) of periodic(fig. 7b2).The periodicor- K

bits obtainedfar from resonance(fig. 7b2) differ Fig. 9. DependenceofthedispersionoftheperturbationonKfor
considerablyfromtheUPOs.Theycorrespondto new twovaluesof thedelaytimer,coincidingwith theperiodsofthe
periodical solutions of the system caused by a large first twoperiodicorbits: (a)r=5.9, (b) r=ll.75.
perturbation.Theperiodsof theseorbitsdiffer from -

the delaytime t. in proximity to the period-threeresonancedisap-
The problemof multistability arisesfor the Ros- pears.An asymptoticalbehaviourof the systembe-

sler system with delayed perturbation. As can be seen comes unambiguous for all values of K The win-
in fig. 7b, the Rossler system for large values of the dows of K corresponding to the stabilization of the
delay time has two stable solutions depending on mi- fixed point also disappear. This is because the tra-
tial conditions.The phaseportraits7b5 and7b6 as jectoriesof an unperturbedRosslerattractordo not
well as7b7 and7b8 havebeenobtainedfor thesame reachthe fixed point andto reachit a largepertur-
valuesof the delay time but with different initial bation is needed.
conditions.As hasbeenmentionedin the previous The dependencesof the dispersion<D

2 (1)> and
sectionthisproblemcanbe avoidedby restrictionof the LyapunovexponentsA on K for the two first pe-
theperturbation.Theinfluenceof restriction(4) on riodic orbitsare shown in figs. 9 and 10. In the case
the resultspresentedin fig. 7acanbe seenfrom fig. of delayedfeedbackeachof thetwo orbitscanbesta-
8. Due to the restrictionthe upperbranchof points bilized in a finite interval of K. Theseintervalsare
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~ (6)

o.io-L~_.~%\ 1
has the unstable fixed point x~= j with the eigen-

0.05 value 2= —2. The perturbation in the form of a de-

0.00 2 lay F~= K(x~_1—x~)does not changethe x-coor-

-005 - dinate of this fixed point, but increases the dimension• / of the map to two. The analysis of this two-dimen-
-0_to -2 I I III II -‘ I I 1111 II I I III! - I 111111 2 sional map showsthat the absolutevaluesof both

10 iO i~ 10 10 eigenvalues of the fixed point are less than 1 in the

Fig. 10. Dependenceof theLyapunovexponentsof thetwo first interval of the parameter K= [—1, —0.5]. There-
periodicorbitsoftheRosslersystemonK in thecaseofdelayed fore, for these values of K a “one-dimensional” un-
feedback:(1) r= 5.9, (2) r= 11.75. stable fixed point turns into a “two-dimensional”

stable fixed point. A more detailed theory of this sta-
much narrower than those obtained with an external bilization is in progress and will be reported
force control.This meansthat the delayedfeedback elsewhere.
control is moresensitiveto the fitting of the param- In conclusion,we haveshownthat the UPOof a
eters. The external force control is more efficient chaoticsystemcan be stabilizedby a small time-
since the perturbationalways tendsto attractthe continuousperturbation.The permanentcontrol is
currenttrajectoryto the desiredperiodicorbit, de- noiseresistant.Thestabilizationcanbeachievedby
terminedbeforehand.Thedelayedfeedbackpertur- the useof aspeciallydesignedexternalperiodicos-
bation tendsto decreasethe distancebetweenthe cillator,or by theuseofdelayedself-controllingfeed-
currenttrajectoryandthe delayedtrajectorywhich backwithout useof any external force. The multi-
in the processof stabilizationdoesnot coincideex- stabilityof thesystemundercontrol canbe avoided
actly with the UPO. by restrictionof the perturbation.An experimental

realizationof the secondmethodis very simpleand

this methodshouldbe applicableto a wide variety
4. Discussionand conclusions of systems.
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