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FIG. 5. Regimes of different
asymptotic spatiotemporal behav-
tor near the CTHP bifurcation
given by the line D/D,=1. The
symbols m the (a,D/D,) control
parameter space denote various
types of space-time patterns which
are illustrated by typical space-
time plots of j(x,r) as insets: (a)
Hopt oscillations (squares), (b)
mts), (c) and (d)

uring-Hopt mixed modes (tri-
muring-
Hopf mode consisting of spa-
tiotemporal spiking (asterisks),
and (f) and (g) localized Turing-
Hopt structures (diamonds). (For
parameters, see Table I.)
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FIG. 6. Localized structures near the CTHP
C, for T=0.05, a=0.02, D=8 (corrresponding
to D/D.=0.67), j,=3.1, and different initial
conditions: (a) Turing-Hopf front. (b) Turing do-
main embedded between two Hopf states. (c) Lo-
calized Turing-Hopf structures. 1he current den-
sity j(x,r) is shown as a density plot and as a
three-dimensional representation.



MEQZ é«‘u?éc% ~ Cleauetiomes C&"‘fﬁ_ ?4
o (ae{ —looce e ose. Ua fos (gl - oreesFfouu )
= (A+éw F (1+1p) /2/2) & G

¢ éldfueﬂu&aéa, W![[w@dp‘%d% M\ /e, W+)9

6(#6(
Moeker lit)~ = W& €PL m] (Tomenio ~uk,)

h“”

ZZ“ Wil olel

2 L Clsle o se—teee Mool

.iw(f):,wo%/é}~( /3 , K)
. o

é’éo'?ma L, [f)\l(//o} <k (Q\Q 11‘ em/? 2 z««/_( ]

Dc' uqo};,& e
Moctee ©u £ O
BN v /éac«ﬂ,&c‘.,_ l&tm(«:o} ce be RO
&)‘\L'&W/F"Ma“v b Dc"%.ug;q“f

9, W= u(rtiw) @ - (¢, + N Za W + () 5w

[w bl /4//  Noge el
) Zolg& W, ) s ‘V[Q/ &/Z/,«(r- /j/«r// zi]e,qa w {,-7
(£

. X - 2
AAky é\“’("o“‘“ﬁéﬂl‘“/avhi—‘:\" % >o

o¥ue L J‘Ld’/}M = /@&M‘Q fo—en, /
e ol
MD[M"C .6 / e (‘T)/

/tV‘

W@/ X,o/ //W 625/42:%



ng W ~(1+C5) [t!” @ 4(/’+&)9—% le

Uouqlix € Q'z%;gﬁ\m%(y&;
(Y Uy = % @?’ﬁ(‘%‘ +@x)] R el wulf
> tw, W= w-(1+8) % Wt (1476) (~2) W
(e : O= |- [%l® - = /Cce"’/°/~6?e
Bt wom =G [P~ ¢ #°

R /(“?Z)\((@{

= “C-Z ‘/‘(C_Z\Cc}@?

t‘ltfféw /kcmof«,“ Q_S’g.f((a/@&u { CQ:O).' /%/ Q/ w,> ~Cs

(leste f{(o&(faf Yeleeis &\lo ] w,\, [;‘/‘U/{Xﬂ).]e(w//%d
Hp i ((tG) ("’*‘VV/%/&-HQ/ By b

g (o) (qast) (i) 1 OE
a:M@f'
L - L%L~-(/~..C) (w -M/)-;-(/— 1)72”/?!(

e / C(tcc,) = (4G)2R ~ (1) (Qq
% ~(r-ra) ~(1-1¢) (1~ %)) g

g2 [Te) P At J
- ). _frag?) 121~ LIS
= & Iyeseinte ! /\r < *//7«3)//1‘ / 5 /

% S~
gewde«q w—Fcie ~Cfeclie

Daoslitieys (14,4 <o/

Roof ve | Gl B Honles (2 {1vcap
Bl 1o 1 S0 o<(9< ] /r‘(,e'/




é((' WW / (‘?’
@ ; (—{ WC?( ,&é, % //y %“L % -;

c; Boceycecciic— Foelv ~Tius Caliilifof

ARSIl
fees e i Sy CGLE

CC: f?"m@“““@ Be ey oy sfen

. Tvees fomcatias X —> = pt
E lpeenpde il usleiel. \

¢c



4 2 /@C‘CV@?“C é{‘c?éowiwm %M&Mé‘m«%) ?72
9 W(/‘,é} — W(x,{) ({~/1C2) /[(/()(,/// W/x,&/ 7‘//7‘/(} — Wﬂ’f)

" (' Fop e £ 0
Z&S“ymszfg (¢hewe W%«,) % (e f)= 2, KXFZ/ (“ 4]
vl Wbl zoall &

rd
(@17 (-~ @7 cwe C‘)&:“C,av‘(fz*@/‘?

Seznbfat: wnfoun [howopn, ilabkiou. (@20) |2 [=(, 4= C
Tulobilial (3 4G G <O Beqomu-Ton ~Cuie

Rowl vone  $eBibu Hodlew: O < (@ < 7["3’/7‘ Gl
1+G*
mw% {«Zé«q ~LLecacttred ™ géyﬁ? 9£a CQW?‘W /W/ -
3/?%35%&: Wik, 4)= eA-x.c)
0 22 Py 2
ohe >£’(~x/ e , o ¥

ocley cucle W (xo€) = Wit €

P oo M e JRER S
;Qgﬁ'%_, 2%0 # W,,.»("”?— /w/2/€7 we

@ AC?V =
(el e o' 4!“}1 W/X,H~\ 6?0 e e I c\? =~ /- Qoz

g
/ 2

2
G By



Roaqymeccin. %b = Ducfalil¥o€ s 1+G 6 <@ 74

il ®) ()

Fig. 5.2 Space-time plots of (a) Re(A), (b) Im(A) and (c) |A| in the case of the Benjamin-Feir
instability.

Lol [oliks" Ul goll (0 cprap) fi¥ctn Muily focfoll cun
Ae -%SQC—‘« (et &t Z@W% cee' | @&/m@/r;/-\‘ﬂ

W%(CQVKF whey o A e 4(\(669’ @cc:/ Woceee | &) Bt Dejaék%
(Vb setasifalen. ) w1 <0

~ AR
fazz: [+C,C € o Ccleawsmote fapfot( :/w/-\-’r L‘{(} D lo
| L Tl 5
Pleq oo pyoudabli Tom &= T — 5
1WI :R&\
&=y
Cs =t
Vs ie foe ~Hovedes
A, laagche,
(Weefrenposcen Péag,u

§ 13000¢2)




| N A Claors: (o | oy =5 3

IWI

150

R r-a— 5 100 i i ytar e 3

Figure 7. Spatiotemporal evolution of the absolute value

~spatiotemporal chaos: ¢; = 0, ¢; = —3.
WC@_& fgpgﬁhﬂ»ﬁg jjcc « D ;C W (x( }'1{) »

92 092
gw = W Alt) W + (1+E3) (=@ &y ‘”}
(&

[ W] of the complex amplitude (left) and phase (right) in a situation of

IWI phase

Figure 8. Spatial distribution of the absolute value | W] of the complex amplitude (left)

and phase (right) obtained after a
transient from the 2D CGLE on a rectangular domain of 76 x 76 size in a situation of sp

atiotemporal chaos: ¢; = 0, ¢, =1.

Lofolte b Conbion o Spluatastl [ dto Plore
=2 Yopo logsla (M&«? Méa,o‘ jﬁf V¢.¢(3
4

(owNme, :(;k.gm,(
( (A D20, /Carm}

=> 4)( (e %a’f; (tacartf Fééic 24 “4



92
(\_ 4 \ )W()‘rk, A W()(IK«L‘)

o 2y’
et [ aplase- Of@o/esv. 4

w ~c4(,(

'dafxll/ py { i | -
/g;'ﬂ ‘&/Ol /Y-h’,y/.f ‘(/&’%‘!(f) 7:.4((*/ ;/~4/ -/ Q/f\’/h‘é/ %{(/)(,lﬂ

4
/(CQV( e Geel - o
fo,« ~f fﬁ DJW P fr-cmér‘“"" leoppetf
b f""! ) S~
- breewcts Punle ﬁf‘é“v,ﬁw[ﬁf

r—l-——-——'—""—"‘ e
wh e XY

z=f) Mg@a«u&ﬂ&' Q%W é@f&a’i@"’t
~ W(1tic) [
”/‘(/*f'ér) //7/(/)(\)('/)'[‘;/567~k/(x) Ay’

aé

() #ixxl) s 7 0rr) Lot bompBee STty o -
4o o

d /x\x x S
J&" )J/jdw (/) s [§Hnplepen 5 e

(/( %((Y\X'[) 24’7 oy a IY#(/J



¢.3 che&ffms.cﬂzfﬁae‘m&f@#«( \
Wiedintobls, megz,z-k@&eg (< bul)
Z (€)= ‘[{CC) "LD — 6{[{,{) u«F{/‘v} ~Ufe~e,) (ce—te ;) (ee~tty)

¢
1 )

T

J

l'

|

i,
/—-——-—‘“‘r‘""”
!

\
'o«‘f’.lww-cgk koow&’q.@‘«z f:x»cf < 5([16()’“[’(‘5{) a“[gj

G - cdlts) < {a) + D «*(8)

Do wa)raqum s Zlsye)  (Rhde?)
foeif D& :—% ~Ca’
By i sl = C 5

1Fatt ¢z0 (Felbampni) : 5‘“’”?“”{“5'% E = pta)+ Q.D/olg/

Bebranibe V(i) > V(i) )/r:f,/&/ 2w >0
Ce

o Tarlthe (bee tey 3o8Vaket) Coldefof S ey bidesus
[ e beib¥ bos Uy wodilrfaatss e Crangure cbes)

&:c’gf C Q"’ﬁ /—6& /ké«v. VG\/CQ f En(pq,«, /D(}Sepﬁrﬁlrﬁﬁ-( ooy ete %7)
us)
teck hepanid bod Uy 2tr Packe T o

| £
/

Ie&émf b%&/‘“’f 4

D
R

~) o

I 4, . PR

Fatt: f :’9 b 2 :
37 %(Q}Ma““’* oden Bl cudsthinl 4E= Uey) _ Wm) §>C "

D lefcb. enOA¥ Joroot 5o ¢ ,“/
N & C/Q L(} VL')' §~>~°° %
J :‘)(OStg’ qu g’.,.w ’\

e u«,
//LI/&rpu&/ﬂ%\. )L—O“@k«b (7 oo s - m)

-8



3=

&2 tescenn d‘f‘“’"‘;(
C >c
. “u
A<O
!
A
i o C:.Ca
\ /{.:‘:0
1
i
TR ; [ /
p ‘
] { /
(<&
% /4>o

i
|
a
|
|

A A‘f‘-/f (t-&,] (e~w; )(l~ay d4 = o

Gpusl~aree vl

Unsprey . @utolzle 4 cte bea Chigm:
& il

(Mtdx = 2x , X e N
% y

Deebias btecbike v 3 s 4 M~ 4, o bz ko + 4,1V
veal Mpusd W basSad Jo 1 i Sclly oA Mool



s
L/
W

wmvﬁ‘«-{c tlse /ﬁqVG /“‘a f‘ﬁ[k.f}

e '[/Mw&nde/k “ M%M'k
M
-
by ‘ \\‘-
/ p
2
Do =~
= { (av) +10) 52
A> O Auregs, A<O & Aaslosky
[ Tygueichion (@« «_.{,,&,6/

M . 4‘(&/‘0“’_ , Mt rhéfb:[y

LV — U

= Z. Vw:g'& 174 V[a;(wa/l( D%uw’a Ll ‘9_@ = -‘,:[ /V 11‘/{(4))
C@%qubéé?aaﬁ««l

E——

Bsps '%‘fﬁ;/,z«abz/agwwow (3. Bl §)

3 D&
D« e 2°
Sex-g v tha
S
~ 2 «ta

2¢ 7



gfé.(‘)% oo —Hocltll

LK BVl X TEX XE
/

’ 7 : A _ v,
- ‘ 2 / r Bt 2meedread?©e ,
= et 4‘0"”";&46’4,3 e V/ag! X ' L/ i = (’El

2%

iz = —~Ru + av=u + D
Zekt ~A

Sy
2*

N
v = E‘(d( — (/(O?!./ '+‘L(/

——

F€
|

=) —'—(,(Vz"( s M“BJ’Q\

Fig. 5.15a—d. Basic types of two-dimensional Turing-patterns obtained by the numerical
simulation of the Brusselator model: (a) a hexagonal lattice of cells, (b) stripes, (¢) zig-zag
stripes, and (d) a hexagonal lattice of spots. (From [5.32])

Ceer> PB leveecece A De (/' , , ;
i el '/x/ %‘3 e AEY A A3 (a9 )
G D-CWO(

>

(Gequetion (o reapet [weiy Crwcfe,n,



B re o Blabebin s = Realifiom (32 ~Coctiion )
beschnelbbae oG < %f&&” ‘we Ko coppactate :

D« («~cr) P>
5~ ul ) = et o
/C?,é>0
2
R TS 20
% () +0, ¢ <> |
/Vf/‘ag_(%)

%”m’e‘&% mo}(ow : &{C@hr&‘(cg‘/ OB W gy, ot

/ \

C
f(:’m{ ‘(’p aué) b s rffrm/vél/’ C’z‘"f /(um—(.

oY @

- o |l 22



M Joo i« 2D Sepoll waves
5 croll vy
frw S bt s rols

Fig.3.31. Straight scroll vortex Fig. 3.32. Possible deformations of the vor-
tex filament. Arrows indicate the direction

of rotation

Fig. 3733. Scroll ring Fig.3.34. Straight twisted scroll



Besprele. Ysee callio M L.

1.4 &
} 20 flieh lone, Ve des Feo o

W/eﬂ"a"’&é" ~[eriy
— Hopd

r = o

IV‘ZJ/CJ Gelef. o, rerch %‘V& mﬂ( 5

o~ ol (26 (2907)
4 e 69 ( 26273 (¥ /
& W\M ol PRE 6 )

?

bpecesd OLaU? & &l /&’/&E‘-&«,««,

-

2 Vil VB2 D [0 @] 4D £ 42
9 € L Qw &y’ J
0?{{: /’f-‘f*{‘(‘h@) Ql/
bpce v‘air

ot Spamy @ fasegpboa pantilde ) 7 [
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007} (A e 0, ‘
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0.06 | FIG. 5. Coexistence pattern between Turing and Hopf state at
' Jjo=1.43 and @=0.045. The density plots show the current density
j(r.,t) at four different times. The time labels refer to Fig. 6.
0.055 - L
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FIG. 3. Different stability regimes in the vicinity of the Turing-
Hopf point (full circle) in the (jo, @) parameter plane. Gray: Turing
(broken) and Hopf (full) bifurcation line (see Fig. 1). Existence of
Hopf mode [full line, see Eq. (33)], stability of Hopf mode [dotted
line, see Eq. (34)], and saddle-node bifurcation of Turing patterns
[broken line, see Eq. (60)]. Region (A): trivial solution, region (B):
coexistence between trivial solution and Turing pattern, region (C):
Turing pattern, region (D): coexistence between Hopf mode and
Turing pattern. X and O mark the parameter settings used in Figs.
4 and 7, respectively.

FIG. 4. (a) Density plot of stationary Turing

15 pattern for the current density j(r,z)=u(r,t)

A 145 /‘ ‘ —a(r,t). (b) Relaxation of a Hopf mode. Time
Vo4 ' dependence of the spatial average (j) of the cur-
1.35 - : ! rent and the corresponding variance o;=(;*)

_ :x K’»\M —(j)*. Parameter settings for both parts are the
© e o S same (jo=143, «=0.062, D=5, and T=0.05,
1e-11 Bite 2P see Fig. 3), but different initial conditions had

been chosen.
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2.1. REACTION-DIFFUSION SYSTEMS 13

px Z:
a=s(n—na+a-— qa?),
i = sTH—n—ne+fp); (2.5)
p=w(a—p)

The parameters s,w and ¢ are determined from the rates of the reactions, see [29, 25].

Krug et al. introduced in [30] the modified Oregonator model, which describes the
light sensitivity of the Belousov-Zhabotinsky reaction. For this purpose, the reaction
scheme (2.3) was extended by a simple reaction, corresponding to the light-induced
bromide flow

(]
= ¥;

which leads to the modified three-component Oregonator model, given by

et =2(1 —z)+ylg — ),

€y =¢+fz—ylg+2), (2.6)

Zi—= gt =12,

The parameter ¢ accounts for the light intensity. The following parameter values were
suggested: ¢ = 2 X 1073, f = 2.1,e = 0.05, €' = ¢/8. With this set of parameters, it was
found that for ¢ = 1.762 x 103 the stable equilibrium in Eq. (2.6) undergoes a Hopf
bifurcation, thus giving access to both excitable (monostable) and oscillatory reaction
kinetics upon variation of the parameter ¢ near the bifurcation value.

Often, one can exploit the smallness of the parameter ¢ and set the left-hand side
of the second equation in Eq. (2.6) equal zero. In this case the model can be further
reduced to the so-called two-component version of Oregonator, which reads
u— q]
utgq’ 2.7)

1 ;
0= Z[u—uz —(fv+¢)
V=u—".
We would like to mention that Eq. (2.7) is qualitatively similar to the FitzHugh-Nagumo
equation [9, 10], which describes the propagation of the action potential in the squid

axons.

For spatially extended Belousov-Zhabotinsky reaction we must account for diffusion:

S Ll |
8tu—6[u u (_fv+¢)u+q]+DAu, -

Ov =u —v.
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FIGURE 3 Transition through the major flow types in a Taylor-Couette reactor and equilibrium locations of neutrally buoyant particles with
growing Taylor number. (a) Taylor-vortex flow, (b) Wavy vortex flow, (c) modulated wavy vortex flow, (d) turbulent flow. Images for (a) and

(b) captured by Majji and Morris (edited for increased simplicity).>! Reproduced with permission from AIP Publishing. Copyright 2018. Pictures for
(c) and (d) taken by Andereck.™* Reproduced with permission from Cambridge University Press. Copyright 2006
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